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Material Strain Hardening in Pressure Vessel Design by 
Analysis 
 
Duncan Camilleri•, Donald Mackenzie & Robert Hamilton  
Department of Mechanical Engineering 
University of Strathclyde 
75 Montrose St 
Glasgow G1 1XJ 
UK 
 
ABSTRACT 
 
The effect of including material strain hardening on the gross plastic deformation load of 
four sample problems from the EPERC Design  by Analysis manual is investigated. The 
models considered are two axisymmetric ve ssels with flat heads under pressure, a 
nozzle/knuckle intersection under pressure and a cylinder-cylinder intersection under 
combined pressure and moment loading. Limit analysis, large deformation elastic-
perfectly plastic analysis, and small and large deformation bilinear hardening analysis 
results are presented. Plastic loads are calculated using the ASME Twice Elastic Slope 
criterion and the Plastic Work Curvature criter ion. It is found that the plastic pressures 
given by the ASME TES criterion are inconsistent with respect to limit load. The PWC 
criterion is found to represent strain hardening more consistently and lead to enhanced 
plastic loads. Von Mises equivalent plastic strain plots show that the form and extent of  
plastic deformation at the limit load in a perfectly plastic analysis and at the plastic load 
in a strain hardening analysis are similar, indicating a common definition of gross plastic 
deformation.  
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1. INTRODUCTION 
 
The EPERC pressure vessel Design By Analys is (DBA) Manual [1] was developed to 
provide guidelines on the application of elastic-plastic Design by Analysis of pressure 
vessels in accordance with the requirements of the Draft European Standard prEN 13445 
Annex B, referred to as the “Direct Route” [2].   Ten benchmark problems were defined in 
the manual and detailed admissibility checks for Gross Plastic deformation, GPD, 
Progressive Plastic Deformation, PD, and Fatigue failure were presented for each 
example. Although the DBA manual discusses th e effect of material strain hardening on 
GPD load, the GPD admissibility check used in the example problems was based on limit 
analysis: elastic-plastic analysis assuming an ideal elastic-perfectly plastic material model 
and small deformation theory. The Draft Standard and the current Standard EN 13445 [3] 
do not include provision for including material strain hardening in design calculations. 
EN 13445 Annex B, the “Direct Route”, specifies either a rigid-perfectly plastic or 
elastic-perfectly plastic material model. EN13445 also requires nonlinearity geometry 
effects to be taken into account. If the design exhibits either small deformation behaviour 
or geometric strengthening due to large deformation effects, the GPD load is based on the 
limit load.  If the structure exhibits geometric weakening due to large deformation effects, 
the GPD load is based on elastic-plastic analys is with a rigid or elastic-perfectly plastic 
material model and large deformation theory. In this case, the failure load is referred to as 
a “lower bound limit value” but it is not a traditional limit load in that the equilibrium 
evaluation is based on the deformed rather than the original geometry. 
 
The ASME Boiler and Pressure Vessel Code Section VIII Division 2 [4] includes design 
procedures for inelastic design of vessels with strain hardening material models. This 
type of analysis is referred to as ‘plastic an alysis’, differentiating it from the alternative 
limit analysis procedures. Plastic analysis may include material strain hardening and/or 
large deformation effects. The GPD load is determined from the results of the plastic 
analysis through application of the Twice Elastic Slope, TES, criterion of plastic collapse. 
The TES criterion determines the onset of GPD by applying a graphical construction to a 
characteristic load-deformation curve obtained by plastic analysis, as illustrated in Figure 
1. The GPD load, P ϕ, corresponds to the intersection of the load-deformation curve and a 
straight line called the collapse limit line, emanating from the origin with twice the slope 
of the initial elastic response (relative to the load axis) such that tan ϕ = 2 tan θ.   This 
heuristic criterion originates from experimental  stress analysis. In practice, it tends to 
give plastic loads for strain hardening vessels similar to the limit load. The enhanced 
strength provided by strain hardening is effectively an additional design margin of safety.  
Recently the writers and colleagues have proposed a new criteria of plastic collapse 
intended to characterize the onset of  GPD th rough consideration of plastic dissipation or 
plastic work with increasing load. The Plastic Work Curvature, PWC, criterion [5,6] was 
developed from earlier criteria based on plastic work considerations [7,8].  
In the PWC criterion, the elastic-plastic response is characterized by plotting a load 
parameter λ (representing all applied loads) against the total plastic work dissipated in the 
vessel, as illustrated in Figure 2a. Plastic  dissipation begins when the applied load 
exceeds the yield load. The plastic deformation mechanism develops thereafter as post 
yield elastic-plastic stress redistribution occurs with increasing load. The relationship 
between applied load and plastic work is non-linear as long as the stress redistribution 
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process occurs; that is, the plastic zone continues to spread to regions that formerly 
experienced elastic deformation only. The subsequent response depends on the 
configuration and material model but two general types of response can be identified: 
configurations exhibiting a single GPD m echanism and configurations exhibiting 
multiple GPD mechanisms. 
In the case of a single GPD mechanism, the stress redistribution exhibits a maximum rate 
then decreases to a value approaching zero, at which point distinct elastic and plastic 
regions are established in the vessel and all subsequent plastic deformation is confined to 
the plastic regions. In an elastic-perfectly plastic structure, this corresponds to the limit 
state of the structure and the corresponding load is the limit load. In a strain hardening 
structure, the load can continue to increase without further stress redistribution but the 
plastic zones experience excessi ve plastic deformation. In this state the rate of plastic 
dissipation with increasing load reaches an almost constant value. This is the definition of 
GPD implicit in the PWC criterion and the corresponding load is the GPD or plastic load.  
Because of the gradual nature of the onset of GPD it can be difficul t to define precisely 
when the plastic deformation becomes gross. This is clarified to some extent in the PWC 
criterion by considering the curvature of the load-plastic work curve. A plot of curvature 
is superimposed on the load-plastic work curve in Figure 2a. The curvature is zero up 
until yield and the start of stress redistribution. The curvature reaches a maximum value 
with increasing redistribution and then decreases towards zero.  When the curvature 
approaches zero no further redistribution occurs with increasing load and a state of GPD 
occurs. In hardening structures, the rate of plastic work with increasing load does not 
generally become constant and a value of zero curvature is not generally achieved. In 
previous studies, [5,6,9,10] the GPD load  has been identified by inspection or by 
nominally specifying GPD when the curvatur e decrease to a certain fraction of its 
maximum (normalised) value. In Figure 2a, GPD is specified when the curvature 
deceases to an approximately constant value as shown.  
In the case of a configuration exhibiting more than one GPD mechanism [9,10], the 
critical mechanism for design is the first mechanism.  When a second plastic deformation 
mechanisms starts to form before the first has fully developed, as illustrated in Figure 2b, 
the GDP load is the load at which curvature begins to increase due to formation of the 
second mechanism. 
In this paper, the effect of including strain hardening on GPD load as calculated by the 
ASME TES criterion and the PWC criterion is investigated for four of the DBA manual 
sample problems.  
 
2. Example Problems  
 
Four benchmark problems from the DBA manual are considered in the investigation:  
DBA Ex1a:  Cylindrical vessel with thick flat end, internal pressure 
DBA Ex1b: Cylindrical vessel with th in flat end, internal pressure 
DBA Ex4: Dished end with nozzle in knuckle region, internal pressure 
DBA Ex3a: Cylinder –nozzle intersecti on, proportional pressure and nozzle 
moment 
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2.1 Material properties 
Two elastic-plastic material models are considered: elastic-perfectly plastic and bilinear 
hardening.  The finite element analysis program used in the study,  ANSYS 10.0  [11] 
assumes a von Mises yield criterion and associated flow rule for elastic-plastic analysis.  
EN13445 B.7.4 Constitutive laws specifies a linear-elastic ideal-plastic law and the  
Tresca (maximum shear) yield criterion and associated flow rule for the GPD design 
check. To conform to the EN13445 requirement, the value of yield stress used in elastic 
analysis material model is modified by a factor of 2/3   in the manner adopted in the 
DBA manual.  
The Young’s modulus and yield strength for each of the four models are defined in Table 
1. The Tresca-adjusted value of yield stress used  in the inelastic analysis is identified as 
σYT. A plastic modulus of 1.866kN/mm2, typical of carbon steels (obtained from the 
stress-strain curve used by Moffat et al in [12]), was used for the bilinear hardening 
material model.  Poison’s ratio in all four examples was ν =0.3. 
 
2.2 Finite Element Models 
 
DBA Ex1a is a cylindrical vessel with a thic k flat end, defined Figure 3, which also 
shows the finite element mesh used in the analyses. The vessel was modelled using 
ANSYS 4-node axisymmetric elements Plane42.  A relatively fine mesh was employed at 
the fillet region and a nominal aspect ratio of 1.5 was employed in thickness direction, 
giving 1294 elements, 1385 nodes. The vessel is constrained in the vertical direction 
along the free end of the cylinder and internal pressure applied to the inside surface (up to 
a maximum of 110MPa). 
DBA Ex1b is a cylindrical vessel but with a thin  flat end, defined in Figure 4, which also 
shows the finite element mesh of 2640 Plane 42 elements, 2801 nodes. The boundary 
conditions are similar to DBA Ex1a (with applied pressure up to a maximum of 10MPa). 
DBA Ex4a is an internally pressurised cylindrical vessel with a torispherical dished end 
incorporating a nozzle in the knuckle region , defined in Figure 5, which also shows the 
ANSYS 4 node Shell 43 mesh. The dished end, nozzle and cylinder are of different 
thickness: 10mm, 8.5mm and 6mm respectively. The DBA manual does not specify the 
length of the cylinder, which was taken to be 2m (1m half length modelled).  Symmetric 
boundary conditions were applied at the symmetry plane of the structure and to the 
horizontal plane at the lower end of the cylin der. Vertical displacement, longitudinal and 
hoop rotations are constrained to zero at the cylindrical end, allowing ovalization of the 
cylinder but preventing warping. Internal pressure load was applied to a maximum of 
2MPa. 
DBA Ex3a is a thin cylinder–nozzle intersect ion subject to combined internal pressure 
and in-plane nozzle moment loading. The geometry and dimensions are defined in Figure 
6, which also shows the ANSYS Shell 181 finite element mesh. The ends of the 
intersection were assumed to be closed and closed-end thrust Ta applied: 
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Symmetric boundary conditions were applied along the longitudinal direction of the 
vessel.  Hoop displacements in the nodes at both ends of the cylinder were constrained to 
zero thus allowing the nodes to move radially  but restricting ovalization. The longitudinal 
displacements in the nodes of one cylinder end were constrained to zero, whereas the 
opposite end was allowed to move in a coupled fashion subjecting plane sections to 
remain plane.   
Beam elements were used to create a semi-r igid flange at the free end of the nozzle. 
These elements were connected by semi-rigid beams to a node at the centre of the nozzle, 
to which the moment load was applied as a nodal force. Combined loads were applied to 
the vessel assuming proportional loading. 
    
3. RESULTS 
 
Four types of analysis were performed for each problem: 
1. Small deformation theory elastic-perfectly plastic limit analysis. 
2. Large deformation theory elastic-perfectly plastic analysis  
3. Small deformation theory bilinear hardening analysis. 
4. Large deformation theory bilinear hardening analysis. 
For consistency of interpretation, the results presented are raw limit loads or plastic loads, 
rather than design loads as calculated according to the EN13445 or ASME VIII Division 
2 procedures. 
 
3.1 DBA Ex1a 
 
The TES deformation parameter used in analysis of Ex1a was the cylinder radial 
displacement at mid-wall. The configuration was found to be insensitive to large 
deformation effects. Characteristic load-deformation curves from the limit analysis and 
small deformation theory bilinear hardening analysis are shown in Figure 7a, with the 
TES construction superimposed. The correspon ding PWC criterion curves are shown in 
Figures 7b and 7c respectively. The calculated lim it and plastic loads are given in Table 2. 
The curvature plots indicate that a single GPD mechanism occurs in the DBA Ex1a 
configuration. The von Mises equivalent plastic strain contour plots at the limit load (last 
converged solution) and PWC plastic load of Figures 8a and 8b respectively show that 
the plastic failure mechanism is essentially a membrane-type failure in the cylindrical 
shell of the vessel. The contour plots also show that the GDP plastic strain distribution at 
failure is similar to the limit load distribution. The calculated magnitude of plastic strain 
differs between the solutions: the PWC criterion plastic strain is indicative of the actual 
strain in the real vessel as it is based on a bilinear approximation of the actual material 
stress strain curve. The limit load plastic strain is based on an idealised model and is not 
indicative of the actual strain in the vessel. 
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3.2 DBA Ex1b 
The TES deformation parameter used in anal ysis of Ex1b was mid-thickness vertical 
displacement at the centre of the flat end. This configuration was found to exhibit 
significant geometric strengthening when large deformation effects were included in the 
analysis. Characteristic load-deformation curves from the small deformation elastic-
perfectly plastic and bilinear hardening analyses are shown in Figure 9a, with the TES 
construction superimposed. The corresponding PWC criterion curves are shown in 
Figures 9b and 9c respectively. The calculated lim it and plastic loads are given in Table 3. 
The curvature plots indicate that a single GPD mechanism occurs in the DBA Ex1b 
configuration. The von Mises equivalent plastic strain contour plots at the limit load (last 
converged solution) and PWC plastic load of Figures 10a and 10b respectively show that 
the plastic failure is a  bending-type mechanism in the flat head of the vessel. The contour 
plots also show that the GDP plastic strain distribution at failure is similar to the limit 
load distribution although the magnitude of strain differs due to the different plasticity 
models. 
 
3.3 DBA Ex4  
The TES deformation parameter us ed in analysis of Ex4, the dished end with a vertical 
nozzle in the knuckle region under internal pressure, was the vertical deflection at the 
middle of the nozzle. This configuration exhibited significant geometric strengthening 
when large deformation effects were included in the analysis. Characteristic load-
deformation curves for small deformation elastic-perfectly plastic and bilinear hardening 
analyses are shown in Figure 11a. The corresponding PWC criterion curves are shown in 
Figures 11b and 11c respectively. The calculated limit and plastic loads are given in Table 
4. 
The limit analysis PWC plot of Figure 11b shows that limit collapse occurs after 
formation of a single GPD mechanism.  In the case of small deformation bilinear 
hardening analysis, Figure 11c, two peaks relating to separate plastic deformation 
mechanisms are clearly shown. In such a case, the first mechanism is the critical 
mechanism for design applications and the PWC plastic load is identified at the minima 
between the two peaks. The von Mises equivalent plastic strain contour plots at the limit 
load and PWC criterion plastic load of Figur es 12a and 12b respectively show that the 
GPD mechanism forms at the nozzle intersection in the knuckle region of the head. As in 
the previous examples, the contour plots show that the GDP plastic strain distribution at 
failure is similar to the limit load distribution. The second plasticity mechanism identified 
by the second peal in Figure 11c was found to occur in the knuckle region of the vessel. 
 
3.4 DBA Ex3a 
 
The cylindrical nozzle intersection of DBA Ex 3a is subject to combined pressure and 
nozzle moment loading. In this case the DBA manual provides an  interaction diagram 
defining the limit surface of the vessel in Pressure-Moment space. 
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Combined loading complicates the choice of a suitable deformation parameter for the 
TES criterion in design. For pressure only loading, the axial displacement of the nozzle is 
an appropriate parameter but for bending only loading the nozz le rotation is more suitable 
[7]. The calculated limit and plastic loads for pressure only and moment only loading 
(using these parameters in the TES criterion) are given in Table 5.  
In combined analysis, the failure surfaces were obtained by applying proportional 
pressure and moment loads. The interaction diagram of Figure 13a compares the limit 
load, PWC small deformation theory bilin ear hardening plastic load and large 
deformation theory elastic-perfectly plastic instability load failure surfaces with the ECM 
limit load surface from the DBA manual. The large deformation analysis shows that the 
configuration exhibits extensive geometric strengthening for most load combinations. At 
highly moment-dominated loading, the moment component of the combined load may 
exceed the instability moment fo r moment-only loading. It is noted that this behaviour is 
highly load-path dependent: large deformation analysis with moment-pressure loading 
would give a distinctly different failure envelope, essentially truncated by the moment-
only load.  At high moment load the instability load may be less than the limit load 
calculated in the present investigation, as seen more clearly in Figure 13b. In this case the 
design should be based on the (lower) instability load.  
The limit load curve from the present investigation lies outside the ECM limit load curve 
from the DBA manual as expected, as the EC M is known to give a conservative lower 
bound on the limit load. The PWC criterion for small deformation indicates higher 
allowable load combinations than limit analysis for pressure-dominated loading but at 
moment dominated loading the PWC plastic load is conservative with respect to limit 
load. 
 
3.5 Discussion 
Table 2 shows that the DBA EX1a example is  insensitive to large deformation theory, 
with the limit load and large deformation perfectly plastic load being equal. When the 
TES and PWC criteria are applied to the perfectly plastic analyses,  the calculated plastic 
pressures are similar to the instability load. Applying the TES criterion to the bilinear 
hardening analysis showed the criterion to be insensitive to the plasticity model, giving a 
plastic load equal to the limit load. Howe ver, the PWC criterion is sensitive to the 
material model and gives a plastic load 9% greater than the limit load for small 
deformation theory and 16% greater for large deformation theory. The difference between 
the small and large deformation  theory results may be due to the large strain theory 
model that  is automatically activated in an ANSYS large deformation analysis, rather 
than geometric strengthening.  
DBA Ex1b exhibits slight geometric strengthening: Table 3 shows that the large 
deformation perfectly plastic instability load is 47% higher than the limit load. Following 
EN13445 guidelines, large deformation is not ap propriate for this example. Applying the 
TES criterion to the small deformation bilinear hardening results indicates a slight (2.5%)  
increase in plastic load over limit load. The PWC criterion indicates a more significant 
increase in plastic pressure over limit pressure. In the small deformation PWC curve 
shown in Figure 9c, there is an initial rapid decrease from maximum curvature followed 
by a distinct change in rate and a gradual decrease to zero curvature. The load at this 
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change was specified as the plastic load and this corresponded to a plastic load 44% 
greater than the limit load. Although this is a large increase in load, Figures 10a and 10b 
show that the extent of plastic deformation in  the perfectly plastic and bilinear hardening 
models is very similar. However, the plastic load predicted by large deformation analysis 
is lower than that given by small deformation theory, at 12 %  greater than the limit load. 
As in the case of Ex1a, this difference may be due to the large strain assumption implicit 
in the large deformation facility of ANSYS. 
DBA Ex4 exhibits geometric strengthening and the conventional EN13445 design load 
would therefore be based on small deformation analysis. In this case the TES criterion 
indicates a plastic load some 37% lower than the (instability) limit load. The PWC 
criterion indicates a plastic load 33% greater than the limit load for small deformation 
theory, (with a higher plastic load calculated for large deformation theory). 
DBA Ex3a was subject to combined memb rane and bending loading and different 
behaviour was evaluated when one or other load was dominant. When pressure loading is 
considered alone, the vessel exhibits large geometric strengthening, the large deformation 
theory instability load being some 89% great er than the limit load. Including strain 
hardening in the small deformation analysis gives a plastic pressure equal to the limit 
load if the TES criterion is used and a 54% in crease in plastic load over limit load if the 
PWC criterion is used. If the PWC criterion is applied to the large deformation theory 
results, the increase reduces to 25%. Under moment only loading, the vessel exhibits 
geometric weakening and the design pressure should be based on large deformation 
analysis. Applying the PWC criterion to the PP LD results indicates that the GPD 
mechanism forms at 98% of the instability load. Including strain hardening, the large 
deformation theory plastic load occurs at 95% of the PP LD load. For combined loading, 
the interaction diagrams of Figure 13a and 13b show that the margin between PWC and 
limit/instability surfaces are not constant across the load range.  
 
4. CONCLUSION 
The effect of including a strain hardening  material model on the calculated plastic load 
of four examples from the Design by Analysis  manual was investigated. The results show 
that the plastic pressures given by the ASME TES criterion are inconsistent with respect 
to limit load. In most examples the TES criter ion was found to be relatively insensitive to 
post-yield material model but in DBA Ex4 the TES plastic load was 37% lower than the 
limit load.  The PWC criterion was found to represent strain hardening in a more 
consistent manner, indicating that including strain hardening leads to an enhanced plastic 
load. Von Mises equivalent plastic strain plots at the limit load and PWC plastic load 
showed that the form and extent of  plasti c deformation was very similar, indicating a 
common definition of gross plastic deformation.  
 
The investigation included both small deformation and large deformation analysis. 
EN13445 specifies that in the case of geomet ric strengthening large deformation effects 
should be neglected in design analysis. Howeve r, the results presented show that when 
the PWC criterion is used the GPD mechanism may form at loads lower than that 
predicted by small deformation analysis, possibly due to the more advanced large plastic 
strain algorithms used in such an analysis. In such cases it would be more appropriate to  
specify the plastic load in terms of the large deformation results. 
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Table 1. Material properties 
 Young’s modulus 
(GN/m2) 
Yield Stress 
ActualYield−σ  (MN/m2) 
Yield Stress 
TrescaYield−σ  (MN/m2) 
Example 1a 212.000 255.000 220.836 
Example 1b 212.000 255.000 220.836 
Example 2 183.600 202.000 174.937 
Example 3a 
   Cylinder 
   Nozzle 
 
210.125 
210.125 
 
272.000 
272.000 
 
235.559 
235.559 
Example 3b 
   Cylinder 
   Nozzle 
 
210.125 
210.125 
 
234.000 
343.000 
 
202.650 
297.047 
 
 
Table 2. DBA Ex1a results: Limit load, perfectly plastic small deformation theory 
PP SD, bilinear hardening small deformation theory BH SD and bilinear hardening 
large deformation theory BH LD. 
GPD Pressure MPa 
Limit PP LD BH SD PP LD DBA 
Fail TES PWC Fail TES PWC Fail TES PWC Fail TES PWC 
91 89 87 88 88 87 88 - 88 96 - 88 102 
 
 
Table 3. DBA Ex1b results 
GPD Pressure MPa 
Limit PP LD BH SD PP LD DBA 
Fail TES PWC Fail TES PWC Fail TES PWC Fail TES PWC 
8.6 8.6 8.2 8.6 25.5 8.3 9.2 - 8.4 12.4 - 8.5 9.6 
 
 
Table 4. DBA Ex4 results 
GPD Pressure MPa 
Limit PP LD BH SD PP LD DBA 
Fail TES PWC Fail TES PWC Fail TES PWC Fail TES PWC 
0.62 0.81 0.49 0.72 1.19 0.57 1.04 - 0.51 1.08 - 0.6 1.40 
 
 
Table 5. DBA Ex3a pressure only and moment only loading. 
GPD Pressure MPa 
GPD Moment kNm 
Limit PP LD BH SD PP LD DBA 
Fail TES PWC Fail TES PWC Fail TES PWC Fail TES PWC 
1.45 1.68 1.01 1.56 3.17 1.05 1.95 - 1.01 3.00 - 1.07 2.10 
34.8 38.0 31.7 34.8 35.2 32.1 34.4 - 32.6 42.0 - 32.1 33.6 
 
 
11  
 
 
Load
Deformation
P
θ
φ
φ
 
 
 
 
Figure 1. ASME Twice Elastic Slope criterion 
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Figure 2. PWC criterion plots for configurations exhibiting (a) one and (b) two plastic 
deformation  mechanisms.
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Figures 3. Schematic diagram and finite el ement model of DBA E x1a (dimensions mm). 
 
 
 
 
 
Figures 4. Schematic diagram and finite el ement model of DBA Ex1b (dimensions mm). 
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Figure 5.  DBA Ex4 schematic diagram of to rispherical end- nozzle and finite element 
model (dimensions mm) 
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Figure 6. DBA Ex3a cylinder-nozzle intersection schematic diagram and finite element 
model (dimensions mm) 
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Figure 7. DBA Ex1a  (a) Limit analysis and small deformation theory bilinear hardening 
load-deformation curve with TES construc tion. Load-plastic work curves with 
superimposed curvature for (b) limit analysis and (c) small deformation theory bilinear 
hardening analysis. 
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a) Limit load (instability) 
 
b) GPD defined by PWC criterion 
Figure 8. DBA Ex1a von Mises equivalent plastic strain contour plots (a) limit analysis at 
limit load (b) small deformation theory bilinear hardening analysis at PWC plastic load.  
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Figure 9.  DBA Ex1b  (a) Limit analysis a nd small deformation theory bilinear hardening 
load-deformation curve with TES construc tion. Load-plastic work curves with 
superimposed curvature for (b) limit analysis and (c) small deformation theory bilinear 
hardening analysis. 
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Figure 10. DBA Ex1b von Mises equivalent plastic strain contour plots (a) limit analysis 
at limit load (b) small deformation theory bilinear hardening analysis at PWC plastic 
load. 
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Figure 11. DBA Ex4  (a) Limit analysis and small deformation theory bilinear hardening 
load-deformation curve with TES construc tion. Load-plastic work curves with 
superimposed curvature for (b) limit analysis and (c) small deformation theory bilinear 
hardening analysis. 
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Figure 12. DBA Ex4 von Mises equivalent plastic strain contour plots (a) limit analysis at 
limit load (b) small deformation theory bilinear hardening analysis at PWC plastic load.  
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Figure 13.  DBA Ex3a (a) Limit load, smal l deformation bilinear hardening analysis 
plastic load,  large deformation perfectly plastic analysis  instability load and ECM limit 
load Pressure-Moment interaction surfaces. (b) Zoomed-in plot. 
 
